In this paper, we describe a one-dimensional adaptive moving mesh method and apply it to the traffic flow model introduced in 2006 by Sopasakis and Katsoulakis and its modified model proposed in 2009 by Kurganov and Polizzi. These models can be written as a scalar conservation law with a global flux. The proposed scheme is an extension of the moving non-oscillatory central scheme, which belongs to a class of moving finite volume methods.
Introduction
There is a large amount of literature on modeling and simulation of traffic flows. Existing traffic simulation techniques are generally focusing on either agent-based microscopic or continuum-based macroscopic models [1] [2] [3] . Many traffic models have been proposed, such as the cellular automaton models, car-following models, gas kinetic models, fluid flow and hydrodynamic models [4] [5] [6] .
Continuum traffic-flow models have found wide applications in areas such as traffic prediction, incident detection and traffic control, often described by a single or a system of nonlinear partial differential equations (specially nonlinear hyperbolic conservation laws). These models usually cannot be solved analytically for general initial/ boundary conditions.
There are a lot of numerical methods used to obtain approximate solutions for conservation laws [7] [8] [9] and traffic flow problems [10] [11] [12] . Moving mesh methods have important applications in a variety of physical and engineering areas such as solid and fluid dynamics, combustion, heat transfer, material science, traffic flow, etc. The physical phenomena in these areas develop dynamically singular or nearly singular solutions in fairly localized regions, such as shock waves, boundary layers, detonation waves, etc. The numerical investigation of these physical problems may require extremely fine meshes over a small portion of the physical domain to resolve the large solution variations. Developing effective and robust adaptive grid methods for these problems becomes necessary. Successful implementation of the adaptive strategy can increase the accuracy of the numerical approximations and also decrease the computational cost.
In this paper, we use a class of moving finite volume method, called moving non-oscillatory. Essentially non-oscillatory (ENO) methods were developed to address the special difficulties that arise in the numerical solution of systems of nonlinear conservation laws, such as those arising in high speed gas dynamics and traffic flow problems. Numerical methods for these problems must be able to handle steep gradients-shocks and contact discontinuities. So it is better to use moving mesh methods [13] [14] [15] [16] . In the dynamical moving mesh method, a mesh equation that involves node speeds is employed to move a mesh having a fixed number of nodes in such a way that the nodes remain concentrated in regions of rapid variation of the solution. Moving meshes concentrate mesh points in a discretized domain in regions of higher importance, for example where the traffic density changes rapidly (at the tail of a traffic jam). In regions of low detail (i.e. a fairly constant traffic density and flow) very fine discretization is not needed, so much less mesh points are placed in regions of that kind.
In this work, we are interested in a new traffic flow model introduced in [3] . This model has been extended by taking into account interactions with other vehicles ahead (''look-ahead'' rule). This is done by treating vehicle movement as an asymmetric exclusion process (ASEP) on a periodic lattice representing a one-lane highway partitioned into N cells, L = {1, 2, . . . , N}. Vehicles are represented as a spin configuration σ , which is defined for each x ∈ L as σ (x) =  1, if a vehicle occupies cell x, 0, if the cell is empty (no vehicle), and offers the interpretation of the state of the system. Letting σ = {σ (x) : x ∈ L} gives a state variable within space {0, 1}
L . This approach models random dynamics in traffic, as the spin configuration is treated as a stochastic process. The effect that cars have on each-other is represented in the interaction potential of vehicles in the ASEP model, in which the Arrhenius look-ahead dynamics is incorporated.
Sopasakis and Katsoulakis in [3] showed that under certain mild assumptions, the stochastic process describing traffic movement can be treated as deterministic. To this end, the fluctuations in {σ (x) : x ∈ L} are approximated by the law of large numbers, and the resulting PDE is the following scalar conservation law with a global flux (see [3] for details):
where V m is the maximum possible speed, and for an arbitrary function v(z),
where J denotes an anisotropic short range intervehicle interaction potential,
where γ = (2L + 1) is a parameter prescribing the range of microscopic interactions and therefore L denotes the potential radius. Specifically, they let V : R → R and set ϕ(r) = 0, r ∈ R − and ϕ(r) = 0, r ≥ 1 which enforces both: vehicles do not go backward in traffic and effect of the interactions is local.
In the simulations, they chose a simple constant potential of the form
where J 0 is a parameter that according to its sign describes attractive repulsive or no interactions. In their numerical simulations, they implemented piecewise constant (J 0 = 1), short-range local interactions. The contribution of short range interactions to the flux is modeled by the convolution
In the first part of this paper, we follow [3] and consider a constant interaction potential
where γ is a positive constant proportional to the look-ahead distance. Introducing the anti-derivative, U :
3) can be rewritten as:
(1.4)
In [11] , Kurganov and Polizzi modified this model by considering a more realistic, linear interaction potential
(1.5)
Using this notation, they have written the modified version of Eq. (1.4) as
 .
(1.6)
The rest of the paper is organized as follows: in the next section the moving finite volume method is described. In Section 3, we suggest that one term called delayed space ∆ representing delayed response, be added to account for the effects of anticipation. In Section 4, we present the numerical results and compare the new model with the old one and finally give some concluding remarks.
Moving finite volume method
Our adaptive numerical technique is based on two independent parts: a mesh-redistribution algorithm and a numerical solution algorithm. The first part is based on the moving mesh method [17] [18] [19] [20] . The second part can be composed of any of the standard numerical methods designed for scalar hyperbolic conservation laws with the global flux equation [7] [8] [9] .
Moving mesh method
Let x and ξ denote the physical and computational coordinates respectively, and consider a one-to-one transformation between these two coordinates as:
A corresponding moving mesh can be described as
Suppose that a uniform mesh on Ω c is given by
where N is a certain positive integer and the corresponding mesh in the physical domain can be denoted by
The equidistribution principle (EP) [17] is one of the most important concepts in the development of moving mesh methods.
For a chosen monitor function M(x, t) > 0, mathematically, a fine mesh is a mesh to satisfy the following EP for all values of time t, that means:
where
Usually the mesh must satisfy the above EP equation at the later time t + τ instead of t, since σ (t) has been omitted in this form of EP. So, the mesh must satisfy ∂ ∂ξ
The parameter τ is called a relaxation time. Recently, though, Soheili and Stockie [21] proposed a time dependent relaxation parameter τ (t) which is specific for the chosen MMPDE (moving mesh partial differential equation). This new approach is very effective, although it is still specific for self-similar blow-up problems only.
Using the expansions of M(x(ξ , t + τ ), t + τ ) and ∂ ∂ξ x(ξ , t + τ ) and dropping higher order terms, various MMPDEs are obtained [17] . In this paper, we apply modified MMPDE5 [19] for moving mesh methods
which is supplemented with the boundary conditions
Discretization of MMPDE5 with (2.3) on the uniform mesh T c h gives:
 ,
The monitor function (M) is used to guide the mesh redistribution. It is important to choose a suitable monitor function. One of the useful monitor functions is [22] :
The parameter θ controls the ratio of points in critical parts.
For the monitor function (2.6), 'critical' (parts of the domain where refinement is especially necessary) is equivalent to 'steep', because of the first-order derivative. In general, higher order derivatives may be used as well. So, we define the monitor function
For this monitor function 'critical' is equivalent to be convex or concave, because of the second-order derivative. We use the following monitor function
and found that θ = 0.7 (approximately 70% of the mesh points is positioned in critical parts of the domain) is a suitable value for a range of different problems and keep it fixed for all numerical experiments in this work.
Another technique to prevent the mesh points from being moved too brusquely, to obtain a smoother mesh and also to make the MMPDE easier to integrate, when some local gradient changes rapidly, is to smoothen the monitor function. For example, for a given M (viewed as a function of ξ through some coordinate transformation) a mesh density function having higher regularity or a smoother mesh density function,M, can be obtained as a solution of the following boundary value problem
where β > 0 is a parameter and I is the identity operator. To develop local smoothing schemes, we can use the formal 
For more details see [18, 19] . 
Finite volume method
Suppose x n j = x min + (j − 1 2 )∆x n j , t n = t n−1 + ∆t n ,
].
The valueū n j will approximate the average value over the jth interval C j at time t n : is the length of the cell. A class of algorithms known as central schemes have been introduced, starting with the work of Nessyahu and Tadmor [23] , which extends the Lax-Friedrichs idea to higher order accuracy. The basic idea is easily explained using a staggered grid as shown in Fig. 1(a) , starting with an interpretation of the Lax-Friedrichs method on this grid. Note that, the Lax-Friedrichs method , so it makes sense to use a grid on which only integer-numbered indices appear at one time and only non-integer-numbered indices at the next. It is interesting to note that on this grid we can view the Lax-Friedrichs method as a variant of Godunovs method in which Riemann problems are solved and the resulting solution averaged over grid cells. Fig. 1(b) indicates how this can be done. For more details see [9] .
We then construct its piecewise linear interpolant
(2.14)
The slopes s n j are first-order approximation of the u x (x n j , t n ). An additional limiter that has an interesting form is the vanLeer's one-parameter family of minmod limiters. In our numerical experiments, we have used the generalized minmod reconstruction with
where the multivariable minmod limiter is defined as 
(2.17)
In a method with changing mesh widths, the stability criterion for the time step is extra important. The standard CFL limit reads
To enforce higher accuracy, the Courant number will here be limited by a parameter C, thereby limiting the time step to:
Therefore, the flux integrals in (2.17) can be safely approximated by the mid-point quadrature leading tō
from (2.14), we haveũ n (x n j ) =ū n j and by integrating Eq. (2.14), we obtain the piecewise quadratic approximation of the antiderivative U:
The value of functionŨ n at point x n j is
The time derivative u t at (2.19) is obtained from (1.4), } based on (2.24).
• 1 2 , and go to step 2.
Some remarks on step 2. After obtaining the new grid {x n+1 j+ 1 2 }, we need to update u at these grid points(i.e. u n+1 j+ 1 2 ). For this purpose, we use the formula obtained from the perturbation method [16] . Numerical solutions are updated on the new grids {x n+1 j+ 1 2 } (at the same time) using,
, and
is an approximation of the slope u x at x j+ 1 2 , and is
.
An improved model
The development of the new ''look-ahead'' traffic model is based on the driver's reaction, namely, delayed response. It means that drivers react to traffic changes with a time delay. During this time delay, the distance between two cars will change from r to r − ∆, and we call ∆ as the reaction distance (∆ can be positive or negative). It means that the real distance between two cars when the second one starts to respond is not r but is r − ∆. It is of course affected by factors such as road types, weather conditions, vehicle types, homogeneity of vehicle types and driver behavior in different countries or regions. We assume that these factors are held constant or that the parameter values are adjusted to these factors. So, it would seem more realistic that the interaction potential J to be a function of r − ∆ instead of r. Using Taylor series expansion for J(r − ∆), and neglecting higher order terms, we have, In this case
In more compact form where U denotes the antiderivative of U:
Note that for ∆ = 0, the modified model is the Eq. (1.6).
The modified version of Eq. (1.6) can be written as
 . 
where 6) and
Numerical experiments
In this section, we compare our moving mesh method to the same method with a uniform mesh introduced in [11] . It is natural to use variable time steps, from the CFL condition, we choose
Example 1 (Red Light Traffic [11] ). Here, we apply the adaptive moving mesh algorithm to the Riemann problem (1.1). The initial data is
This corresponds to a situation in which the traffic light is located at x = 6 and it is turned from red to green at the initial time moment. We choose γ = 1, and the solution and mesh trajectories of the equation computed are shown in Fig. 2 . In our method with 80 points are plotted in Fig. 2 (down) and it is clear that with MMPDE algorithm the same accurate results are produced using less grid points than using stationary mesh points. Now, we study the behavior of the solution of the Eq. (3.4) for different ∆'s in the next example.
Example 2.
In the second example, we consider a different initial car density distribution:
with, V m = 4, and γ = 3. At first, we solve the problem (3.4) with ∆ = 0 (that is equal to the Eq. (1.6)). We then increase the size of driver's reaction distance to 0.2, i.e. ∆ = −0.2 and obtain almost similar solutions with dispersive waves. We further decrease ∆ to −0.4 and notice when ∆'s size increases, more separate waves are formed, and the wave speed be decreased.
The numerical results of computational solutions and mesh trajectories are presented in Fig. 3 . As expected, the solutions of the problem (3.4), are significantly different for the non zero values of ∆. Fig. 4 shows the close-up view of the Fig. 3 at time t = 3.
To clarify the effect of parameter ∆ we present a more realistic example.
Example 3 (Red Light Traffic (Revised)).
We consider the same initial data (4.1) as in Example 1 which correspond to a red light traffic with traffic light at location x = 6. We numerically solve problem (3.4) for different values of the reaction distance. We use an initial uniform mesh with ∆x = 1 10 , γ = 1 and v m = 4. The solutions computed by the moving mesh method at time t = 1.5 are shown in Fig. 5 . Fig. 5 shows a traffic light that is located at x = 6 and is changed to green at time t = 0. If it is considered that ∆ = 0, (i.e. all of the vehicles start to move at the same time) then at time t = 1.5, all of the vehicles have passed the traffic light (the density before x = 6 is zero). But in reality, it is not possible, since drivers cannot start to move at the same time. So it takes a short time for drivers to react to the front vehicle's state changing. In our modified model, it means that a vehicle starts to move immediately after its leading vehicle moves as ∆.
So, it is clear that the traffic flow moves forward slower and as it is depicted in the figure, at time t = 1.5 some vehicles have remained behind the traffic light. The significance of this parameter in traffic light scheduling or investigation of traffic flow interruptions is obvious.
Conclusions
In this paper, we studied the moving mesh finite volume method based on the non-oscillatory finite volume and adaptive moving mesh methods. The computational results presented in this work showed that the method of adaptive moving mesh using defined new monitor function can be successfully applied to traffic flow problems.
Moreover, we proposed a traffic flow model and analytically derived a modified version from that. In the modified model, a delayed distance to driver's reaction was offered that made it more realistic. Finally, using some examples, we showed the differences between the new and the old models. In addition, the significance of considering delayed distance to driver's reaction was also demonstrated.
